Introduction
Let F be an arbitrary topological vector space; we shall say that a subset S of F is quasi-convex if the set of continuous affine functionals on 5 separates the points of S. If X is a Banach space and T: X -* F is a continuous linear operator, then T is quasi-convex if T(U) is quasiconvex, where U is the unit ball of X.
In the case when T is compact, T(U) is quasi-convex if and only if it is affinely homeomorphic to a subset of a locally convex space. This is immediate, since the topology on T(U) can be induced by the family of affine functionals vanishing at 0. It is also equivalent to the condition that 0 has a base of convex neighbourhoods in T(U); this is proved by constructing on the linear span of T(U) the finest vector topology y agreeing with the given topology on T(U). Then y is locally convex-this follows from results in (21, p. 51).
In (16) Peck and Waelbroeck ask whether every compact convex set is locally convex. An equivalent question is whether every compact operator is quasi-convex. This question has recently been resolved negatively by J. W. Roberts (unpublished). We obtain some partial results here (for results on this problem in a different direction, see (9) ). If X is reflexive, every bounded operator is quasi-convex, while if X* has the Radon-Nikodym property, every compact operator is quasi-convex. Thus if K is a compact convex set such that the Banach space A b (K) of all bounded affine functions on K has the Radon-Nikodym property, K is strongly locally convex (in the terminology of (9)), i.e. affinely homeomorphic to a subset of a locally convex space.
We are also able to relate quasi-convexity of the range of a vector measure to the existence of a control measure. In 1947, Maharam (13) asked whether a sequentially continuous submeasure on a tr-algebra is equivalent to a measure. Applying the above results we relate Maharam's problem to the question of quasi-convexity of exhaustive operators on spaces C(ft) (see (11) Proof. Let |||| denote F-norms on either E or F defining the metric topologies. If x n -* 0(T), then Tx n -* 0. Thus we may assume ||x n || ^ e > 0 for all n. Then by Theorem 3.1 of (10), we may determine a subsequence (z n ) of (x n ) such that (z n ) is basic in E, and \\Tz n -w\\^2-» where w = lim Tz n . Let «" = Tz n -o>, and suppose a> ^ 0.
n-«°S
uppose 2 c n z n converges; then as llzJI 5* e > 0, lim c n = 0. Thus 2 c n u n n-*ao converges, and hence so does 2 c n u> = 2 c n Tx n -2 c n u n ; this means that 2 c n converges. We may define a linear functional ip on the closed linear span of {z n : n £ N ) by and ip is continuous by the Banach-Steinhaus Theorem for T. AS p is compatible, «/ f is p-continuous; since i/>(z n )=l and z n ->0(p) we have a contradiction.
Theorem 2.2. Let F, and F be F-spaces and T: E-> F be a continuous linear operator. Let p be a compatible topology on E and SC.E a pcompact set. Then (i) T(S) is closed in F (ii) // T is injective, T~' is continuous on T(S) for the topology p on E.
Proof, (i) Suppose o) G T(S) and x n G S are such that Tx n -» w. Then, as 5 is p-sequentially compact (see (10) ), there is subsequence (z n ) of (x n ) such that z n^> z G S. Then T(z n -z)-^<o -Tz and so by Lemma 2.1 a> = Tz G T(S).
(ii) If Tx n -* Tx and x n -£ x, (p), then we again appeal to the p-sequential compactness of S to deduce that there is a subsequence (z n ) of (x n ) such that Zn-^z?* x. It follows from Lemma 2.1 that Tx = Tz, a contradiction.
We now restrict our attention to the case when E is locally convex, and p is the weak topology on E. The following theorem extends Proposition 5.11 of (3).
Theorem 2.3. Let E be a locally convex space and F a topological vector space. Suppose T: E->F is continuous. If S is a weakly compact subset of E, then T(S) is closed and quasi-convex.
Proof. First suppose F is an F-space. Then we factorize T thus:
where M is metrizable and locally convex and B is injective (it is easy to see that this is possible). Then A(S) is weakly compact in M and hence T(S) is closed. If <f> G M* then </ > » B~' is continuous on T(S) by Theorem 2.2, and the set of such affine functionals separate the points of T(S).
The case of general F follows by embedding in a product of F-spaces.
Operators on Banach spaces
Now suppose X is a Banach space. Theorem 2.3 yields:
Proposition 3.
Every continuous operator on a reflexive Banach space is quasi-convex.
It is natural, as noted in the introduction, to ask about compact operators. Here we can extend the class of Banach spaces somewhat. Proof. Suppose T : X -» F is a compact operator. It is enough to consider the case when F is an F-space. Let U denote the unit ball of X. If T fails to be quasi-convex, then 0 does not possess a base of convex neighbourhoods in T(U). Thus there exists e > 0 such that {x:||x||<e} contains no convex neighbourhood in T(U). We may, therefore, find co n £ T(U) such that «" ->0, but co{u> n , o) n+i , .. .}(~){x: ||x|| s= e} is non-empty for each n. Choose u n GU such that \\Tu n -a> n \\ *£ e • 2" (n+2) ; then co{Tu n , Tu n+U ...} Pi {x: \\x\\ s= |e} is non-empty for each n. If X o is the closed linear span of {a,, u 2 , «3,...}, then the restriction of T to X o also fails to be quasi-convex.
Thus we may suppose X separable, and in this case X* is also separable (Stegall (18) ). Suppose x** G X**; then there is a sequence x n G X such that x n -+x** in the weak*-topology of X**. For any pair of increasing sequences of integers (p n ) and (q n ) x Pn define fx** = lim Tx n . It is easy to see that this definition does not depend on the choice of (x n ), by interlacing sequences. Thus we define a linear map T:X**->F. We claim that f is continuous for the bounded weak*-topology on X** (i.e. the finest vector topology agreeing with the weak*-topology on the unit ball U** of X**). It is enough to show that f is weak*-continuous on [/**, and U** is weak*-metrizable. Suppose «?* G £/** and M£*-»0 weak*; then select u , G [ / such that «£*-«"-»() and fu**~Tu n -*0.
Then M n ->0 weakly and hence Tu n ->0, and fu**->0. Since X** with the bounded weak*-topology is locally convex with dual X*, the result now follows from Theorem 2.3, since f(C7)= T(U).
Remark. Of course the hypotheses of the Theorem fail for /,, and the Theorem fails in this case by the example of Roberts. Remark. As Ab(K) is a dual space, it is sufficient for Ab(K) to be weakly compactly generated (see (17)).
Applications to vector measures
Let y be a o--algebra of sets. Then a submeasure v on y is a map: v:Sf-+VL such that v(P) 3= 0, P G & and v(F) =s P (P u Q)=£ v(P)+ v(Q), P, QE.y. We say v is order-continuous if P n | 0 implies v(P n ) | 0. Maharam (13) has asked whether every order-continuous submeasure v is equivalent to a finite positive measure A, i.e. does there exist X. such that v(P n )-*0 if and only if A(PJ-»0? (see (7) and (13)).
If F is an F-space and /x:5^-*F is a vector measure, then the semi-variation ||/x|| defined by
is an order-continuous submeasure. A finite positive measure A dominates fj, if A(PJ-»0 implies ||pt||(P n )-»0 and is a control measure for p, if A is equivalent to ||ju,|| (see (4) , (7)). A classical theorem of Bartle, Dunford and Schwartz (2) states that if F is a Banach space then fi has a control measure. This has been extended by various authors to locally convex settings ( (7), (8), (12), (14) ; see also (15) In this context, we show that local convexity is necessarily involved in the existence of control measures. We assume here that our measure n has the property that the convex hull of its range is bounded. For this property, Turpin (20) uses the term L»-bounded. by the bounded convergence theorem. Thus y is induced on the unit ball by the L r norm. It follows that y is locally convex (see (21) ) and from the result of (1), 4.2, on the dual of two-norm spaces, (L^A), y)' = Li(A). In fact y is the Mackey topology T(L«,(A), L,(A))-see (6) or (19) . ^y Theorem 2.3, it follows that co{f*.(P): P G if} is quasi-convex.
We conclude by observing the relationship with exhaustive operators on spaces C(fl) (11) . / / il is a compact Hausdorff space and T: C(fl)-» F is exhaustive, then T can be expressed as M V (&1) is the space of a bounded Borel functions on fl with the topology of convergence in ^-measure. / is exhaustive, and the quasi-convexity of / is equivalent to the existence of a control measure for v.
